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Abstract  
The foundations of non-linear quantum mechanics are based on six postulates and five 
propositions. On a first quantised level, these approaches are built on non-linear differential 
operators, non-linear eigenvalue equations, and the notion of non-linear observables and non-
linear states. The present theory predicts that the non-linear function solution of a non-linear 
partial differential equation for a free particle is correct and that the commutator of the 
position operator and the non-linear momentum operator does not commute. Moreover, the 
implicit wave function of linear quantum mechanics can be determined by a non-linear wave 
function solution of non-linear partial differential equation, which also verifies the non-linear 
quantum mechanics. 
Introduction 
Weinberg presents a general framework for introducing non-linear corrections into ordinary 
quantum mechanics that can serve as a guide to experiments sensitive to such corrections [1]. 
In the class of generalised theories described here, the equations that determine the time-
dependence of the wave function are no longer linear, but of the Hamiltonian type. Also, 
wave functions that differ by a constant factor represent the same physical state and satisfy the 
same time-dependence equations. As a result, there is no difficulty in combining separate sub-
systems. Prescriptions are given for determining the states in which observables have definite 
values, and for calculating the expectation values of observables for general states, but the 
calculation of probabilities requires detailed analysis of the method of measurement. A study 
is presented of various experimental possibilities, including the precession of spinning 
particles in external fields, experiments of Stern-Gerlach type, and the broadening and de-
tuning of absorption lines.  
 It is proposed to set stringent limits on possible non-linear corrections to ordinary 
quantum mechanics by searching for the de-tuning of resonant transitions [2]. A suggested 
non-linear generalisation of quantum mechanics is used to show that such de-tuning would be 
expected in the rf transition in 
9
Be
+
 ions that is used to set frequency standards. Measurements 
at the National Bureau of Standards already set limits of order 10
−21
 ion the fraction of the 
energy of the 
9
Be nucleus that could be due to non-linear corrections to quantum mechanics, 
with good prospects of improving this by two to three orders of magnitude.  
  The Gross-Pitaevski equation, or non-linear Schrodinger equation, are widely used in 
the theory of superfluidity and in the theory of Bose-Einstein condensation [3]. In quantum 
field theory, non-linearity occurs in the equations of interacting field operators [4]. Here, the 
field operators remain linear. Non-linear quantum mechanics does not have a large literature 
and its content is very varied [3–20]. 
In applications of quantum mechanics, where the several operators involved act in 
space and time variables with derivatives of different orders, solving the problem of non-
linearity requires more than the modified Schrodinger equation or the Weinberg non-linear 
  
corrections. Using the same physical tools, many of the results familiar in the theory of linear 
operators could be extended to non-linear operators.  
 The paper presents further progress in this area and focuses on the foundations of non-
linear quantum mechanics (NQM) based on the six major postulates and  five propositions.  
Results and Discussion  
One of the motivations is based on the view that any foundations of non-linear quantum 
mechanics in a non-relativistic approach must contain the non-linearity arising from the 
standard wave function. Here, a remark is necessary on a composition of two functions, when 
one function is inside of another function.  In order to derive postulates and propositions of 
non-linear quantum mechanics, we may start with the composition of two functions. For this 
reason, the modified definition of a non-linear function is given by:  
 
Definition 1.  The composition of two  functions is defined by  
 
)](,[:))(( ,, xxx xxnonxxnon           ( 1) 
 )](,[:))(( ,, ttt ttnonttnon           ( 2) 
 
and 
 
),,()],(,,[:)](,[)](,[ ,,,, txnontxnonxxnonttnon xtxtxtxxtt       ( 3) 
 
 where ))(( , xxxnon    the composition of the function xnon,  with x , xnon,  the position 
part of the non-linear function,  ))(( xxx    – the time-independent wave function, x – the 
Cartesian coordinate, ))(( , tttnon    - the composition of the function tnon,  with t , tnon, – 
the time part of the non-linear function,   ))(( ttt   the time-dependent wave function, t – 
the time,  )],(,,[ , xtxt txnon  - the non-linear function in ),(, xttx ,   )),(( ,, xttxtx   the wave 
function.   
 
This definition is a specific physical approach, which leads to the general concept of the non-
linearity of the form ),,( ,txnonnon xt   . It is well known that the Hilbert space combines the 
properties of two fundamentally different types of spaces: a vector space and a metric space 
[21]. Note that in the case of the vector space, the ket vector is given by xnon,| , where 
xnon,|   - the ket vector of Dirac’s notation.  When this notation is used, the wave function 
of   xx |  splits  into the  bra ( |x )  and the ket )(| x vectors. Thus  the outer product of 
 xx ||  is  xx ,| , where xx ,|  - the ket-vector notation for tensor space. The 
Hermitian conjugate of the ket vector  is a bra vector: |,,| xx xx  
 . The |, xx   is 
defined by its action on xnon,| as follows ),(|,||:, ,,, xxnonxnonxxnonx xxx   .  
Thus we obtain the desired result.  In the case of the metric space the distance ),( ,2,1 nonnonD   
between any two  non-linear functions ( nonnon ,2,1 , )  is defined as  
  dxD nonnonnonnonnonnon ,2,1
2
,2
2
,1,2,1 2||||),(  . The distance between any two N-
particle non-linear functions is metric. The space of all non-linear functions, with the metric, 
becomes a metric space. The major point here is that there is more than one language in which 
  
to express nonlinear quantum mechanics. The most common language for the non-linear  
theory  is the state function, but  momentum space offers an equally important view of the 
state function. The composition of the non-linear function with the wave function can be 
regarded as the correspondence principle between the  non-linear and linear quantum 
mechanics. Moreover, the implicit wave function can be determined by the non-linear 
function solution of  non-linear partial differential equation, which also verifies non-linear 
quantum mechanics (Postulate 4, Proposition 5.1). Let us start with an enumeration of the 
basic postulates of NQM. The postulates and propositions read as follows: 
 
Postulate 1. (Non-linear wave function). The non-linear function of ),,( ,txnonnon xt    is 
called the non-linear wave function if the probability of finding a single particle somewhere is 
1, so that the normalisation condition is  
 
 


1),,(),,( ,
*
,
* dxxtxt txnontxnon                      for all times      ( 4) 
 
where ),,( *,
*
txnon xt  – the complex conjugate of ),,( ,txnon xt  . It is customary to also 
normalise many-particle functions to 1.  
 
Let )]/exp[exp(),( ** ixCx xxnon   and )]/exp[exp(),( ixCx xxnon   be the non-linear 
complex functions, where )2/( B , B – the de Broglie wavelength of the particle, xC – 
the constant. The normalisation condition is  
 
1)]([
2



dxxgCx            (5) 
 
where )]([ xg  – the delta function, )(xg – the real function. If the Maclaurin series 
expansion for )]/cos(2exp[)( xxg   is the first three terms, then   )()2/(1)(   xxg  , 
for 0 , where  – the positive root of 022 x , )(' xg  – the derivative of )(xg  with 
respect to x  at the fixed  . Finally, this gives 
 
1)(
2
2



 dxx
Cx 

  1
2
2


xC  2xC .      (6) 
 
So we obtain the desired result. Moreover, the second postulate is due to the non-linear 
differential operators, where a quantum differential operator acts on the non-linear function. 
 
Postulate 2. (Non-linear differential operator). Let ),(, xxnonnon x    ( ),( tnon t  ) be a non-
linear function in x ( t ), where )(xxx     ( )(ttt   ) is the eigenfunction of xpˆ  ( Eˆ ). Then, 
the quantum differential operators which act on the non-linear function are the non-linear   
differential operators. 
 
The momentum operator in the position representation, xiP nonx  /)(/(ˆ ),(  , is said to be non-
linear if 
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where   and   – the constants, xnon,  – the non-linear function, xxnon   /,  and 
xxnon   /,  – the non-linear factors, xpˆ  – the Hermitian operator of momentum. The non-
linear momentum operator nonxP ),(ˆ  is constructed as the product of two operators: the unique 
operator of x /  and the momentum operator of xpˆ . The non-linearity is due to the non-
linear factors. The third fundamental postulate will introduce the way of setting up an 
eigenvalue equation, e.g. for momentum and energy. 
 
Postulate 3. (Non-linear eigenvalue equation). Given a non-linear transformation 
...;/;/ˆ ),( tixiP non   , a function  
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 is defined to be a non-linearity of the transformation if it satisfies the non-linear eigenvalue 
equations 
 
xnonxnonnonx pP  ),(ˆ ;             (9)  
tnonnonnont EP  ),(ˆ ;           (10)     
 …  
   
with  
xQnonnonnon BAP  ˆˆˆ ),(           
(11)
 
,...ˆ,ˆˆ EpB xQ  , 
x
A


ˆ             (12) 
and the linear eigenvalue equations 
  
xx
x
xx p
xi
p 

 




ˆ , t
x
t E
ti
E 

 




ˆ , …      (13) 
 
 for some scalar ,...,Epx , where nonxP ),(ˆ  ( nontP ),(ˆ ) – the non-linear operator of momentum 
(energy), ,...ˆ,ˆˆ ),(),(),( nontnonxnon PPP  , xp  ( E ) – the eigenvalue of xpˆ  ( Eˆ ), Aˆ  – the unique 
differential operator acting on the non-linear function, QBˆ  – the quantum differential 
  
operator acting on the wave function, Eˆ  – the Hermitian operator of energy,   – the reduced 
Planck’s constant, xC , tC  – the constants.   
From the derived equations, it follows that the unique differential operator ( Aˆ ) maps the non-
linear function non  to the constant function. The non-linear operator nonxP ),(ˆ  is constructed as 
the product of two operators: the unique operator of x /  and the momentum operator of 
xpˆ . Mathematically, let X  and Y  be two  vector spaces and  a mapping YXP nonx :ˆ ),(  over 
a common field of scalars that does not have the property of linearity. If Y  is the set of real 
or   of complex numbers, then a non-linear operator  is called a non-linear functional. 
The non-linear momentum eigenstate is 
 
)]exp[exp(/)exp(/),( xp
i
ppx xxxxxnon 
        (14) 
 
with the normalisation condition 
 
 1)/()}cos(2{exp[
2
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Finally, the non-linear eigenvalue equation of momentum is approximated by   
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The eigenstates of nonxP ),(ˆ  are the product form of the momentum eigenfunction and the non-
linear eigenfunction with the eigenvalue of xp . The expectation value of the observable  
)(),( nonnonxP   is given by  
 xnonnonxnonnonnonx
pdxPP  


 ),(
*
,'),(
ˆ:)(
       
(17)
 
The expectation value of the non-linear observable )(),( nonnonxP   predicts the same result as in 
the linear quantum mechanics. The first alternative of Kibble for a non-linear extension of 
standard quantum theory is to replace the observable )(xO  by a general function on the 
tangent space of  [19]. 
Proposition 3.1. (Expectation value of NQM). The expectation value of an observable 
)( nonO   is given by  
 nonnonnon OO  |ˆ|:)(          (18) 
  
where non| , |non  – the ket and bra vectors in Dirac’s notation, Oˆ  – the operator.  
 
  
 Proposition 3.2. The probability of obtaining a non-linear momentum eigenvalue at fixed 
point ( constA non |ˆ|  ) xj pconsta  , in a measurement of an observable nonxP ),(  is given by 
the square of the inner product of  xnon  ||  with the state ja| , 
2|||||  xnonja  .  
 
Proposition 3.3. Immediately after the measurement of an observable 
nonxP ),(  has yielded a 
value xj pconsta  , the state of the system is the normalised eigenstate ja| . 
 
The states are to be normalised to unity: 1|  xx   and ijkj aa  | . Sometimes, this is 
not possible. When acting with the squared position operators of 2xˆ  on non  we obtain 
nonnon xx 
22
ˆ  . They have the same forms as the operators discussed in the linear quantum 
mechanics. Since quantum mechanics is so useful in the case of linear operators, it is natural 
to try to extend its principles to non-linear operators. A new differential equation for non-
linear functions (or non-linear wave functions) is the form of the non-linear eigenvalue 
equation, which is given by postulate 4.  
 
Postulate 4. The time evolution of a non-linear function is given by a continuous non-linear 
partial differential equation (NPDE) for a single particle of mass m : 
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where  non  – the non-linear function, nonPˆ  – the non-linear operator of the momentum, Vˆ  – 
the operator of potential energy, tx
tx
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 – the complex quantum 
potential, ),( xtS  – the action.  
The time evolution equation for non  can be expected to be valid only in the non-relativistic 
regime. There is a non-linear theory underlying quantum mechanics, when the non-linearity is 
important for the state and the complex quantum potential. This is a new differential equation.  
 The NPDE can be solved by the method of separation of “variables”. There exists a set 
of solutions of the form xnontnonxxnonttnontxnon xxttxtxt ,,,,, )](,[)](,[)],(,,[   .  We 
introduce a separation constant ,nonE , and write two equations  
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where V  – the time-independent potential energy, nonE  – the non-linear energy of particle 
with mass m . Next, the detaching of ttnon dd  /,  can be treated as a fraction and split into 
two differentials, tnond ,  and td . When tnon, is  nonlinear the analysis of the solution of  the 
equation (22) is sometimes helped by considering a linear quantum mechanics  whose  the 
eigenvalue equation is given by the equation (13).  According to the equation (13), the 
equation (22) can be rewritten in the form  
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where  EEnonnon / , non – the parameter describing the non-linearity. The general solution 
of equation (24) is  
 
   tiCC nonttnonttnon   explnexp,                                      ( 25)   
 
where tC - the constant,   – the angular frequency. Thus, if the value of non differs from 1 
then  the equation predicts non-linear quantum phenomena. The time evolution of the non-
linear state is also given by the fifth postulate.  
 
Postulate 5. The time evolution of a non-linear quantum system preserves the normalisation 
of the associated vector ket. The time evolution of the non-linear function of a non-linear 
quantum system is described by  )](,[|),(ˆ)](,[| 00 ononnon ttttUtt  , for some unitary 
operator Uˆ . 
The unitary operator   EtiEU nont /exp:ˆ     is easy to understand: after defining 
  )(,[/exp)](,[ 0 ononnonnon tttiEtt   , one would compute as follows:      
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This  calculation  can actually be justified for all )](,[ ttnon   in the domain of nonE .  
 
Proposition 5.1. (Implicit wave function in linear quantum mechanics). Let us consider an 
implicit wave function of )()(),(, xtxt xttx    and assume the existence of a constraint  
 
          consttt ttnon )(,,         and     constxx xxnon )(,,       (27) 
 
 
  
which relates the )(tt  and )(xx  to the independent variables t  and x . Since t and x are 
independent variables, total differential must vanish (d   0)(,, tt ttnon   and 
  0)(,, xxd xxnon  ) and the derivatives of )(tt  and )(xx  are given by  
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where )(ttt    – the time-dependent wave function, )(xxx    – the position-dependent 
wave function. 
The implicit function theorem gives sufficient conditions on the non-linear function 
 )(,, xxxnon    (  )(,, tttnon  ) so that the equation can be solved for )(x  ( )(t ). The above 
formula comes from using the generalised chain rule to obtain the total derivative with respect 
to t  ( x ). For the separated wave, the function is well known to be correct, but for the exact 
wave the function is calculated by )()(),(, xtxt xttx   . The results are a necessary and 
sufficient condition for the correspondence principle between the non-linear wave function 
and the wave function. 
  
Proposition 5.2. The non-linear quantum mechanics and linear quantum mechanics are 
equivalent when a free particle of mass m is described by the NPDE. 
 
For simplicity, we consider a free particle moving in a one-dimensional case when the 
potential energy vanishes. In this case, the NPDE becomes: 
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Thus, the task is to find out information about the implicit wave function from equation (24). 
The non-linear wave function solution can be put in the form 
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where xp  – the eigenvalue of momentum operator, E  the eigenvalue of energy operator. 
According to proposition 5.1, the implicit wave function solution is given by  
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with eigenenergy equation    
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The obtained results lead to exactly the same form for the linear quantum mechanics. In 
simple examples, it may be possible to give an explicit solution of NPDE, but usually that is a 
difficult problem.  
 The above argument is key and it is worth pointing out that it just uses the fact that a 
commutator plays a fundamental role in the physical interpretation of non-linear quantum 
mechanics. The last postulate is: 
Postulate 6. The commutator of position operators nxˆ  and non-linear momentum 
operator nonxP ,ˆ  do not commute. Hence, the operators would satisfy 
   non
n
nonnonx
n nxiPx  1, ]ˆ,ˆ[
               for  ,...3,2,1n      (33) 
where nnonxnonx
n
nonx
n xPPxPx ˆˆˆˆ]ˆ,ˆ[ ,,,   is the commutator of 
nxˆ  and nonxP ,ˆ .  
It is very important, however, to note that operator multiplication is not commutative.  
The commutator describes the consequences of sequences of measurements performed on a 
quantum system.  
Conclusion 
Introducing the quantum operators acting on the non-linear function in the non-relativistic 
regime, we propose the foundations of non-linear quantum mechanics based on six postulates 
and five propositions. Note that the implicit wave function can be determined by the non-
linear function solution of NPDE. For this reason, we obtain a correspondence principle 
between the non-linear wave function and the wave function. The last result is a necessary 
and sufficient condition for the verified non-linear quantum mechanics. It should also be 
pointed out that the free particle problem and  the fundamental commutation relation give 
good results known in science. The continuous non-linear quantum formalism can be formally 
generalised to the three-dimensional case and can be also rewritten in discrete notation. 
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